Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Br(v,q9) = (f,9)

B Apply pre-smoothing steps with initial guess (v, go) to ob-
tain an approximate solution (vy, ¢;) of (x).

m Transfer the residual of (vy,¢;) to a coarse grid and apply
the multigrid algorithm on the coarse grid to find an approx-
imate correction of (v;, gy).

m Apply post-smoothing steps to the corrected approximate
solution of (x) to obtain the final output.



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Br(v,q9) = (f,9)

Two Ingredients
m Intergrid transfer operators
m Efficient smoother



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Br(v,q9) = (f,9)

Coarse-to-Fine Operator
IF | Vie1 X Qr—1 — Vi x @y is the natural injection.

(The finite element spaces are nested.)



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Br(v,q9) = (f,9)

Coarse-to-Fine Operator

IF | Vie1 X Qr—1 — Vi x @y is the natural injection.

Fine-to-Coarse Operator

I Vi x Qp — Vi1 x Qp—1 is the transpose of If | with
respect to the mesh-dependent inner product:

[I]I:_l('vy(])a (w’T)]k_l = [(uq%[l];fl(wvr)]k

forall (v,q) € Vi x Qr and (w,r) € Vi1 X Qk—1



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Br(v,q9) = (f,9)

Coarse-to-Fine Operator

IF | Vie1 X Qr—1 — Vi x @y is the natural injection.

Ritz Projection Operator

The operator P! : Vi x Q) — Vi—1 x Q)1 is the transpose
of I | with respect to the variational bilinear form B(, -).

B(P,ffl(’u,q), (w, 7“)) = B((’U,Q)a Il]cc—l(w’r))

V(v,q) € Vi X Qg (w,7) € Vi1 X Qp—1



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Bi(v,q) =(f,9)
Smoothing Step for (x)

(’vnevsm qnew) - (volda qold) + Sk‘((.f7 g) - Bk‘(volda qold))

Si : Vi x Q. — Vi, x Q). is a smoother.



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Bi(v,q) =(f,9)
Smoothing Step for (x)

(’vnevsm qnew) - (volda qold) + Sk‘((.f7 g) - Bk‘(volda qold))

Si : Vi x Q. — Vi, x Q). is a smoother.

Question How do we choose S;.?



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Bi(v,q) =(f,9)
Smoothing Step for (x)

(vnew7 qnew) - (volda qold) + Sk‘((f; g) - Bk‘(volda qold))

m S;. B should be related to a scale of mesh-dependent
norms on Vi x Q. so that we can prove smoothing proper-
ties.



Multigrid Methods for Saddle Point Problems

Given (f,g) € Vi x Q, we want to construct multigrid methods
for

(x)  Bi(v,q) =(f,9)
Smoothing Step for (x)

(vnew7 qnew) - (’Uoldv qold) + Sk‘((f; g) - Bk‘(volda qold))

m S;. B should be related to a scale of mesh-dependent
norms on Vi x Q. so that we can prove smoothing proper-
ties.

m The scale of mesh-dependent norms should be related to
a scale of Sobolev norms so that we can prove approxima-
tion properties without using H? regularity.



Smoother for Post-Smoothing

(’Unew7 qnew) = (volda qold) + Sk((f, g) - Bk(volda qold))



Smoother for Post-Smoothing

('Unew7 qnew) == (volda qold) + Sk((f; g) - Bk(volda qold))

Sk = wBre,’

where the operator €, : Vi, x Q) — Vi xQy, is SPD with respect
to the mesh-dependent inner product |-, -], and satisfies

Stokes
[€k(v,9), (v, 9)], = (v, D)7 = |vIF 0 + lall,
Darcy

[€k(v,9), (v,9)], = (v, D5, = [0l7,0) + lallFn o)

v, = (constant) k3 is a damping factor.



Smoother for Post-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))

Sk = wBre,’

where the operator €, : Vi, x Q) — Vi xQy, is SPD with respect
to the mesh-dependent inner product |-, -], and satisfies

Stokes
[Ck('Uy(Z)) (U7Q)]k ~ ||(Ua€1)|@ = \”’%{1(9) + ||€l”%2(§z)

We can define
¢, (v,q) = (Ly'v, h;%q)

where L' is an optimal preconditioner (DD or MG) of the dis-
crete Laplace operator associated with V.



Smoother for Post-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))

Sk = wBre,’

where the operator €, : Vi, x Q) — Vi xQy, is SPD with respect
to the mesh-dependent inner product |-, -], and satisfies

Darcy
[€r(v.q), (v, )], = (v, D)7 = vlI7, ) + lallFn @,

We can define
¢, (v,q) = (h; v, L;'q)

where L' is an optimal preconditioner (DD or MG) of the dis-
crete DG Laplace operator associated with Q.



Smoother for Post-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))

Sk = Br€;'
Note that

(/Unewu (:Inew) = (v01d7 QOld) + ’kak:Q:];I ((.f)g) - Bk(vold) qold))

is just Richardson relaxation for the equivalent SPD system

BkQ];lBk(v7 Q) = BkQ:];l(.fhg)



Smoother for Post-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))

Sk = 1Br &,
Note that
(Vnews Gnew) = (Voras Goia) + 1 Be€; " ((F9) = Br(Voia, Gora))
is just Richardson relaxation for the equivalent SPD system
B€,'Bi(v,q) = Br&.' (£, 9)

The error propagation operator Ry : Vi x Qr — Vi x Qy, for
one post-smoothing step is given by

Ry, = Idy, — v By€, ' By

where Idy, is the identity operator on Vi x Q.



Smoother for Post-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))

Sk = Br€;'
Note that

(Vnews Gnew) = (Voras Gota) + ’YkBkelgl ((f’g) — By(vau, qold))
is just Richardson relaxation for the equivalent SPD system
BkC];lBk(v7 Q) = BkQ:];l(fhg)

The error propagation operator Ry : Vi x Qr — Vi x Qy, for
one post-smoothing step is given by

Ry, = Idy, — v B €, ' By,

The operator B¢, ' By, : Vi X Qr — Vi X Qi plays a key role.



Properties of B¢, ' B,



Properties of B¢, ' B,

[Bi€;, ' Be(v,q), (v,q)], ~ |(v.q)|2  V(v,q) € Vi x Qi



Properties of B¢, ' B,

[Bi€;, ' Be(v,q), (v,q)], ~ |(v.q)|2  V(v,q) € Vi x Qi

[Bi€; Bu(v,q), (v,9)]
— (€485 By(v.9). € Bu(w, )]}



Properties of B¢, ' B,

[Bi€;,'Be(v,q), (v, q)], ~ (v, )2 V(v,q) € Vi x Qy

[Bi&; Bu(v. ). (v.9)] 2
— (€485 By(v.9). € Bu(w, )]}
€48, Bi(v, q), (w, )],

1/2
k

= sup
(wr)eVixQr  [Cp(w,T), (w,T)]

duality with respect to the
inner product [Cy-, -],



Properties of B¢, ' B,

[Bi€;, ' Be(v,q), (v,q)], ~ |(v.q)|2  V(v,q) € Vi x Qi

[Bug; Bi(v,q), (v, )]
= [€x¢;," Br(v, 9), €' Bi(v, )],/
(€18, Bi(v, q), (w, )],
(w,r)EVi xQp [Q:k(wa r), (w, T)] 2

k
~ B((’U7q)7(w77a))
~ sup
(w,r)EVE X Qy H(war)HE

[Bk(v’ Q)7 (w7 T)]k = B((’U, Q)a (w7 T))

[sz(’wv ’l"), ('wa T‘)]k ~ H('wa 7‘)”2,9



Properties of B¢, ' B,

[Bi€;,'Be(v,q), (v, q)], ~ (v, )2 V(v,q) € Vi x Qy

[Bi€; Bu(v,q), (v,9)]
— (€485 By(v.9). € Bu(w, )]}

(€€, Bi(v,q), (w,7)],

= sup
(wr)eVixQr € (w,r), (w,r)] 11c/2
N B((v,q), (w,r))
= sup
(w,r)EVE X Qy H(w?T)HE
~ ||(v, )l

stability estimate for B(-,-)



Properties of B¢, ' B,
Stokes

[Bi€ ' Bi(v,9), (v,9)], = (v, )12 = [v[31 0y + lall7, 0
[(v,9), (v,9)], = HUH%Q(Q) + thQH%Q(Q)
Darcy
[Bi€, ' Bi(v,9), (v,9)], = (v, )1 = |07, 0 + llal 7 7

[(v,9), (v,9)], = hillvlZ, ) + l4ll7,



Properties of B¢, ' B,
Stokes

[Bi€ ' Bi(v,9), (v,9)], = (v, )12 = [v[31 0y + lall7, 0
[(v,9), (v,9)], = HUH%Q(Q) + hiHQH%Q(Q)
Darcy
[Bi€, ' Bi(v,9), (v,9)], = (v, )1 = |07, 0 + llal 7 7

[(v,9), (v,9)], = hillvlZ, ) + l4ll7,

It follows from standard inverse estimates that

spectral radius of By¢, ' B, < Ch;?



Properties of B¢, ' B,
We can choose the damping factor
v, = (constant) h?

so that the spectral radius of the damped operator %Bkc‘:ngk
that appears in the error propagation operator

Ry, = Idy, — 7 Bi€;' By,

of one post-smoothing step is < 1.



Properties of B¢, ' B,
We can choose the damping factor
v, = (constant) h?

so that the spectral radius of the damped operator %Bk(tngk
that appears in the error propagation operator

Ry, = Idy, — 7 Bi€;' By,
of one post-smoothing step is < 1.
This is similar to standard smoothers for second order SPD

problems and therefore R; will have similar smoothing prop-
erties.



Mesh-Dependent Norms

m One of the norms in the scale of mesh-dependent norms
related to SiBj is equivalent to the energy norm so that
we can prove contraction number estimates in the energy
norm.

m The scale of mesh-dependent norms is also related to frac-
tional order Sobolev norms so that we can prove an ap-
proximation property for norms other than the Ls(€2) norm,
for which the duality argument does not require H? regu-
larity.



First Scale of Mesh-Dependent Norms

For 0 < s < 1, we can use the SPD operator B¢, ' By, to define
a scale of mesh-dependent norms:

1w, Dllsk = [(Be€; ' Bi)*(v,9), (v,9)]Z ¥ (v,q) € Vi x Qi



First Scale of Mesh-Dependent Norms

For 0 < s < 1, we can use the SPD operator B¢, ' By, to define
a scale of mesh-dependent norms:

1w, Dllsk = [(Be€; ' Bi)*(v,9), (v,9)]Z ¥ (v,q) € Vi x Qi

Connections with Sobolev Norms



First Scale of Mesh-Dependent Norms

For 0 < s < 1, we can use the SPD operator B¢, ' By, to define
a scale of mesh-dependent norms:

1
|||(’U, Q) |||8,k = [(BkQ:];lBk)S(va Q)v (’U, q)]]? v (’U, Q) € Vk X Qk
Connections with Sobolev Norms
Stokes
I, D5 x = [(v: ), (v,9)], = [v]7,q) + PillallL,q

(v, )17 1 = [Br€, ' Bi(v, q), (w,r)],

(v, I3 = IvlE @) + lal7,@

(v, Dl -k = 1]l g1-a) + A llal Lo

(a € (3, 1] is the index of elliptic regularity.)



First Scale of Mesh-Dependent Norms

For 0 < s < 1, we can use the SPD operator B¢, ' By, to define
a scale of mesh-dependent norms:

10, @)k = (B Bo*(0,0), (0,0)]7 ¥ (0,0) € Vi x Q
Connections with Sobolev Norms
Darcy
(v, )l = [(v,9), (v, )], = hElll7 ) + llallZ, 0
(v, Dl x = [Br€;' Bi(v,q), (w,r)],
~ (0,92 = lIvl[7,0) + Il @)
(v, Dlli-ak = hillvllLy @) + llallpi-e o)

(a € (3, 1] is the index of elliptic regularity.)



First Scale of Mesh-Dependent Norms

For 0 < s < 1, we can use the SPD operator B¢, ' By, to define
a scale of mesh-dependent norms:

10, @)k = (B Bo*(0,0), (0,0)]7 ¥ (0,0) € Vi x Q
Connections with Sobolev Norms
Darcy
(v, )l = [(v,9), (v, )], = hElll7 ) + llallZ, 0
(v, Dl x = [Br€;' Bi(v,q), (w,r)],
~ 0,)12 = 19113 0 + a3 07
(v, Dlli-ak = hillvllLy @) + llallpi-e o)

B.-Zhao 2005



Smoother for Pre-Smoothing

(’Unew7 qnew) = (volda qold) + Sk((f, g) - Bk(volda qold))



Smoother for Pre-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))
Sk = ¢, By

The error propagation operator R} : Vi, x Qi — Vi x @, for
one pre-smoothing step is given by

R; = Idy, — ¢, B}



Smoother for Pre-Smoothing
('Unew qﬂEW) = (voldv qold) + Sk((fa g) - Bk(volda qold))
Sk = ¢, By

The error propagation operator R} : Vi, x Qi — Vi x @, for
one pre-smoothing step is given by

R; = Idy, — ¢, B}

The choice of the pre-smoother is motivated by the relation

B(Rk(v,q), (w,r)) = B((U7Q)>RZ(TU’7'))

forall (v,q), (w,r) € Vi x Qx



Second Scale of Mesh-Dependent Norms

For 1 < s < 2, we can define by duality another scale of mesh-
dependent norms:

lwalt, =  sup  DU@@ @)

V(”?Q) € Vk X Qk
(w,r)EVE X Qk m (w7 7’) W2—s,k



Second Scale of Mesh-Dependent Norms

For 1 < s < 2, we can define by duality another scale of mesh-
dependent norms:

V(”?Q) € Vk X Qk

" B((v,q),(’w,r))
v q)llsk = sup
A wryevixar 1w ) a—s

The || - [I7 ,, norm is also equivalent to the energy norm.



Second Scale of Mesh-Dependent Norms

For 1 < s < 2, we can define by duality another scale of mesh-
dependent norms:

V(”?Q) € Vk X Qk

" B((v,q),(’w,r))
v q)llsk = sup
A wryevixar 1w ) a—s

The || - [I7 ,, norm is also equivalent to the energy norm.

) B((v,q), (w,r))
v,q — sup
I (v, D)7« wrevix@r  Nw, )1k



Second Scale of Mesh-Dependent Norms

For 1 < s < 2, we can define by duality another scale of mesh-
dependent norms:

V(”?Q) € Vk X Qk

" B((v,q),(’w,T))
v q)llsk = sup
A wryevixar 1w ) a—s

The || - [I7 ,, norm is also equivalent to the energy norm.

B((v,q), (w,r))

(v, dlix= ~ sup
Y wmevixae Iw, )l
- B((v,q), (w,r))
~ sup
(wreVixQ, (W, r)]lg

(w7l =l (w0, )l



Second Scale of Mesh-Dependent Norms

For 1 < s < 2, we can define by duality another scale of mesh-
dependent norms:

¥ (v,q) € Vi x Qi

" B((v,q),(’w,r))
v q)llsk = sup
A wryevixar 1w ) a—s

The || - [I7 ,, norm is also equivalent to the energy norm.

B((v,q), (w,r))

(v, dlix= ~ sup
Y wmevixae Iw, )l
- B((v,q), (w,r))
~ sup
(wreVixQ, (W, r)]lg
~ [|(v, 9l

stability estimate for B(-, -)



Convergence Analysis



Smoothing Properties
Post-Smoothing  (first scale)
I(Re)™ (v, @)1k < C(hisv/m) ™ [[(v, @) 1-a,k

m Spectral Theorem
m Calculus

Iw, @) llok = [(Br€; 'Br)* (0, q), (v, 0)] 7

Ry, = Idy — v Bir€,' By,



Smoothing Properties

Post-Smoothing  (first scale)

I(Rx)™ (v, )l < C(hier/m) = (v, @) lh—ak

Pre-Smoothing (second scale)

ICRD)™ (0, )T s < Civ/m) ™[, )1

m duality



Approximation Properties

Approximation Property  (first scale)

Ik — I5_ P (0, a) -k < CHEN(w, @)1k

m elliptic regularity
m Aubin-Nitsche duality argument
m properly weighted mesh dependent inner product



Approximation Properties

Approximation Property  (first scale)

Ik — I5_ P (0, a) -k < CHEN(w, @)1k

Approximation Property  (second scale)

Ik — Iy PE ) (0, ) s < ORI, )T 4ok

m duality



Convergence Results

The smoothing and approximation properties lead to the uni-
form convergence of the two-grid algorithm and hence the W-
cycle algorithm provided the number of smoothing steps (inde-
pendent of mesh size) is sufficiently large.

Asymptotically

contraction number < Cm™“

C is independent of h.
m is the number of pre-smoothing and post-smoothing steps

« is the index of elliptic regularity.  (a = 1 for convex 2)



Nonsymmetric Saddle Point Problems
The results for symmetric saddle point problems can be ex-

tended to nonsymmetric saddle point problems provided we
have the following stability estimates:

p Bl (w.1)

~ (0. 9)|

o o M, @l
B((w, 1), (v, ))

sup ~ (0, )|

(w,r)EVi X Qk H(w ") F

Oseen System

Darcy System with a
convective term



Nonsymmetric Saddle Point Problems
The results for symmetric saddle point problems can be ex-

tended to nonsymmetric saddle point problems provided we
have the following stability estimates:

p Bl (w.1)

~ (v, )l
o o M, @l
B((w, 1), (v, ))
sup ~ (0, )|
(w,r)EVi X Qk H(w ") F

Oseen System

Darcy System with a
convective term

It only requires a simple modification of the smoothers.



Nonsymmetric Saddle Point Problems
(Vaews Gnew) = (Votas Gora) + Sk ((£19) — Bie(Voras dora))
Post-Smoothing
Sk =mBL€' By (Sk = Br€; ' By)
Pre-Smoothing
Sy =€, BiBr  (Sk =<, 'By)

B! : Vi, x Qr — Vi, x Qi is the transpose of By, with respect
to the mesh-dependent inner product |-, ‘.

[Bk(v,q), (w,'r’)]k = [(v,q),B,i(w,r)}k

forall (v,q), (w,r) € Vi x Qk



Nonsymmetric Saddle Point Problems

The proofs of the smoothing properties remain the same.

The proofs of the approximation properties require duality argu-
ments for both the saddle point problem and the adjoint prob-
lem.



V-Cycle Algorithm

Numerical results indicate that the V-cycle algorithm, where
the (k — 1)-st level iteration is applied once in the coarse grid
correction step, is also uniformly convergent.



V-Cycle Algorithm

Numerical results indicate that the V-cycle algorithm, where
the (k — 1)-st level iteration is applied once in the coarse grid
correction step, is also uniformly convergent.

Recall that the post-smoothing step is just Richardson relax-
ation applied to the SPD system

BkQ:];lBk(U7Q) = (fvg)

and the SPD operator behaves like a (nonstandard) second or-
der differential operator.

It should be possible to establish results for the V-cycle algo-
rithm by using techniques from the additive multigrid theory for
nonstandard finite element methods.

B. 2002, 2004



Numerical Results



Numerical Results
Stokes and Lamé
Vi X Qr = P> — P; Taylor-Hood finite element pair

A V(2,2) multigrid Laplace solve is used in the construction of
¢ (v.q) = (L v, by q).

Unit Square L-Shaped



Numerical Results

Stokes System

W-cycle algorithm

(mi,ma)\k | k=1 k=2 k=3 k=4 k=5 k=6
(1, 1) 0.82 086 086 086 0.86 0.86
2, 2) 076 078 078 0.78 0.78 0.78
(4, 4) 0.66 068 0.69 069 0.69 0.69
(8, 8) 055 056 056 056 0.56 0.56

(16,16) | 0.38 039 039 039 039 0.39
(32,32) | 019 019 019 019 019 0.19

Contraction numbers for the unit square
in the energy norm ||v|| ;1 () + |4l (o)




Numerical Results

Stokes System

W -cycle algorithm

(mi,ma\k k=1 k=2 k=3 k=4 k=5 k=6
(1,1) 0.88 0.90 090 090 090 0.90
2, 2) 0.81 083 084 084 084 0.84
(4, 4) 073 075 075 075 075 0.75
8, 8) 063 065 065 065 065 065

(16,16) | 0.48 049 049 049 049 0.49
(32,32) | 028 029 029 029 029 0.29

Contraction numbers for the L-shaped domain

in the energy norm ||v|| ;1 (q) + |4l (o)




Numerical Results

Stokes System

V-cycle algorithm

(m1,ma2)\k =1 k=2 k=3 k=4 k=5 k=
(1, 1) 0.87 090 090 090 0.90 0.90
2, 2) 0.76 0.76 0.79 0.80 0.80 0.80
(4, 4) 0.66 070 0.70 0.70 0.70 0.70
(8, 8) 055 057 057 058 058 0.58

(16, 16) 038 040 040 040 040 0.40
(32, 32) 0.19 019 020 0.20 0.20 0.20

Contraction numbers for the unit square
in the energy norm ||v|| ;1 () + |4l (o)




Numerical Results

Lamé System (u =1, A =500, v = 0.499)

W-cycle algorithm

(mi,ma)\k | k=1 k=2 k=3 k=4 k=5 k=

092 093 093 093 093 0.93

)
2,2) 093 093 093 093 093 0.93
) 0.88 0.89 090 090 0.90 0.90

8, 8) 081 083 083 083 0.83 0.83

(16, 16) 0.70 0.72 0.72 0.72 0.72 0.72

(32, 32) 053 054 054 054 054 054

(64,64) | 031 032 032 032 032 0.32

Contraction numbers for the unit square
in the energy norm ||v|| g1 () + llgll L)



Numerical Results

Lamé System (u =1, A =500, v = 0.499)

W-cycle algorithm

(mi,ma)\k | k=1 k=2 k=3 k=4 k=5 k=

094 095 095 09 095 0.9

)
2,2) 094 095 095 095 09 0.95
) 091 092 092 092 092 0.92

8, 8) 0.8 087 087 087 0.87 0.87

(16,16) | 076 079 079 079 079 0.79

(32,32) | 062 064 064 064 064 0.64

(64, 64) 043 044 044 044 044 044

Contraction numbers for the L-shaped domain
in the energy norm ||v|| g1 () + llgll (o)



Numerical Results

Lamé System (u =1, A =500, v = 0.499)

V-cycle algorithm

(mi,ma)\k | k=1 k=2 k=3 k=4 k=5 k=

092 094 094 094 094 094

)
2,2) 093 094 094 094 094 0.93
) 0.88 090 090 090 0.90 0.90

8, 8) 081 083 084 084 084 0.84

(16,16) | 070 073 073 073 073 0.73

(32, 32) 053 055 054 055 055 0.55

(64,64) | 031 032 032 032 032 0.32

Contraction numbers for the unit square
in the energy norm ||v|| g1 () + llgll L)



Numerical Results

Lamé System (u =1,k =15)

W-cycle algorithm

(m1,m2)\XN | A=10° A=10" A=10®> X=10°
(1,1) 0.96 0.95 0.92 0.93
(2, 2) 0.93 0.93 0.92 0.93
(4, 4) 0.87 0.87 0.88 0.90
(8, 8) 0.76 0.79 0.81 0.83

(16, 16) 0.62 0.67 0.68 0.72
(32, 32) 0.48 0.47 0.49 0.55

Contraction numbers for the unit square
in the energy norm HvHHl(Q) + |]q\|L2(Q)



Numerical Results

Oseen System

Find (u,p) € [H}(2)]? x LY(2) such that

a(u,v) +b(v,p) = F(v) Vv e [Hy(Q)?
b(u,q) =0 Vqe L))

a(u,v) = /Q [(Vu: Vo) + (w- Vu) - v] dx
o.p) == [ (V- o)pda

where the wind function



Numerical Results

Oseen System

W -cycle algorithm

(m1,ma2)\k =1 k=2 k=3 k=4 k=5 k=
(1, 1) 091 091 091 091 091 0.91
2, 2) 0.84 083 083 083 0.83 0.83
(4, 4) 071 071 071 071 071 0.71
(8, 8) 059 061 061 061 061 0.61

(16, 16) 045 047 047 047 047 047
(32, 32 028 029 029 029 029 0.29

Contraction numbers for the L-shaped domain

in the energy norm ||v|| ;1 () + ll4ll (o)




Numerical Results
Darcy System

We take K to be the identity matrix.
Vi X Qr = RTy x P; Raviart-Thomas finite element pair

A V(4,4) multigrid DG Laplace solve is used in the construction
of ¢ (v,q) = (h;QU,lelq).

Q is either a unit square or an L-shaped domain.



Darcy System

Numerical Results

W-cycle algorithm

(mi,mo)\k | k=1 k=2 k=3 k=4 k=5 k=6
(10, 10) 0.80 081 0.81 081 0.81 0.81
(20, 20) 0.66 067 0.67 067 0.67 0.67
(40, 40) 047 048 048 048 048 0.48
(80, 80) 024 024 024 024 024 0.24

V-cycle algorithm

(mi,mo)\k [ k=1 k=2 k=3 k=4 k=5 k=6
(10, 10) 080 082 081 082 082 0.82
(20, 20) 066 068 0.68 068 0.68 0.68
(40, 40) 047 048 048 048 048 0.48

(80, 80) 024 025 025 025 025 0.25

Contraction numbers for the unit square
in the energy norm ||v| 1, o) + llgll a1 (073




Darcy System

Numerical Results

W -cycle algorithm

(mi,mo)\k | k=1 k=2 k=3 k=4 k=5 k=6
(10, 10) 081 082 082 082 0.82 0.82
(20, 20) 0.70 070 0.70 070 0.70 0.70
(40, 40) 051 051 051 051 051 0.51
(80, 80) 028 028 028 028 028 0.28

V-cycle algorithm
(mi,mo)\k [ k=1 k=2 k=3 k=4 k=5 k=6

(10, 10) 081 082 082 082 082 0.82
(20, 20) 0.70 070 070 070 0.70 0.70

(40, 40) 051 052 051 051 051 0.51

(80, 80)

028 028 028 028 028 0.28

Contraction numbers for the L-shaped domain
in the energy norm ||[v| 1, + llqll a1 (073



Numerical Results

W-cycle results for the Darcy system on the L-shaped domain
0.490 T T T
E!

T T T
—— contraction number(W-cycle)
slope -2/3

0.480 -

0.470 -

0.460 -

0.450 -

contraction number

0.440 -

0.430

0.420 I I I I I I I I
43 44 45 46 47 48 49 50 51 52

number of smoothing steps



Numerical Results

Darcy System with a Convective Term

Find (uk,pk) € Vi x Qi such that

/uk-vd:c+/(V~v)pkdx:0
Q Q

/(V “ug)qdr — / (b- Vi, pr)gdzr = G(q)
Q Q

[

where

Yv eV,

Vg e Qy



Numerical Results

Darcy System with a Convective Term

W -cycle algorithm

(mima)\k | k=1 k=2 k=3 k=4 k=5 k=6
(10,10) | 0.80 0.81 081 081 081 0.81
(20,20) | 067 068 067 067 067 0.67
(40,40) | 0.48 048 048 048 048 048
(80,80) | 0.24 024 024 024 024 024

V-cycle algorithm

(mi,mo)\k | k=1 k=2 k=3 k=4 k=5 k=6
(10, 10) 0.80 0.81 0.81 0.81 0.81 0.81
(20, 20) 067 068 067 0.67 067 0.67

(40, 40) 048 048 048 048 048 048

(80, 80) 024 024 024 024 024 0.24

Contraction numbers for the unit square
in the energy norm ||v||1,q) + llqll a1 (073




Numerical Results
Darcy System with a Convective Term

W -cycle algorithm

(mi,mo)\k | k=1 k=2 k=3 k=4 k=5 k=6
(10,10) | 0.81 082 0.82 0.82 082 082
(20,200 | 070 070 0.70 0.70 0.70 0.70
(40,40) | 052 052 052 052 052 052
(80,80) | 029 029 029 029 029 029

V-cycle algorithm

(mi,mo)\k | k=1 k=2 k=3 k=4 k=5 k=6
(10, 10) 0.81 082 082 082 082 0.82

(20, 20) 070 070 0.70 0.70 0.70 0.70

(40, 40) 052 052 052 052 052 052

(80, 80) 029 029 029 030 030 0.30

Contraction numbers for the L-shaped domain
in the energy norm ||[v| 1, + llqll a1 (073




Concluding Remarks



Summary: A Recipe for Saddle Point Problems
Find (u,p) € V x @ such that

a(u,v) + b(v,p) = F(v) YveV
b(u,q) —c(p,q) =G(g)  Vqe@



Summary: A Recipe for Saddle Point Problems
Find (u,p) € V x @ such that

a(u,v) + b(v,p) = F(v) YveV
b(u,q) —c(p,q) =G(g)  Vqe@

m For a saddle point problem arising from a 2m-order elliptic
boundary value problem, we should use a (closed) sub-
space of the Sobolev space H™(f2) for the unknown that
comes with elliptic regularity estimates, and a (closed) sub-
space of Lo(Q2) for the other component.



Summary: A Recipe for Saddle Point Problems
Find (u,p) € V x @ such that
a(u,v) + b(v,p) = F(v) YveV
b(u,q) —c(p,q) =G(q) VgeQ

m For saddle point problems of the first type, u is the un-
known associated with H™(2). In this case one can use
stable conforming mixed finite element spaces Vj, x Q, and
the mesh-dependent inner product should satisfy

[(0,0), 0,k ~ [0y 2" aldy ey ¥ (v,a) € VixQu



Summary: A Recipe for Saddle Point Problems
Find (u,p) € V x @ such that

a(u,v) + b(v,p) = F(v) YveV
b(u,q) —c(p,q) =G(g)  Vqe@

m For saddle point problems of the second type, p is the un-
known associated with H™(Q2). In this case one can treat
stable conforming mixed finite element spaces V, x Q
for the (more popular) dual formulation as nonconforming
mixed finite element spaces for the saddle point problem,
and the mesh-dependent inner product should satisfy

(v, 9), (0, @)k = B V]I Z 50 + Il 0

for all (v, q) € Vi x Qi (The finite element space @ should
contain polynomials of degree < m.)



Summary: A Recipe for Saddle Point Problems

m For both types of saddle point problems the key is the con-
struction of a preconditioner ¢;' such that

[€e(v,9), (v.9)], ~ (v, Y (v,q) € Vi x Qi

(v, )l = lvllam @) + lall L) (type-I)
(v, Dllz = llvlloir) + lallam@ry  (type-ll)



Summary: A Recipe for Saddle Point Problems

m For both types of saddle point problems the key is the con-
struction of a preconditioner ¢;' such that

[€e(v,9), (v.9)], ~ (v, Y (v,q) € Vi x Qi

(v, )l = lvllam @) + lall L) (type-I)
(v, Dllz = llvlloir) + lallam@ry  (type-ll)

m For type-l problems, this involves an optimal preconditioner
for the discrete elliptic operator of order 2m associated
with the conforming space Vj. For type-Il problems, this
involves an optimal preconditioner for the discrete elliptic
operator of order 2m associated with the nonconforming
space Qg, where a DG discretization appears naturally.



Summary: A Recipe for Saddle Point Problems

m For both types of saddle point problems the key is the con-
struction of a preconditioner ¢;' such that

[€e(v,9), (v.9)], ~ (v, Y (v,q) € Vi x Qi

(v, )l = lvllam @) + lall L) (type-I)
(v, Dllz = llvlloir) + lallam@ry  (type-ll)

m For type-l problems, this involves an optimal preconditioner
for the discrete elliptic operator of order 2m associated
with the conforming space Vj. For type-Il problems, this
involves an optimal preconditioner for the discrete elliptic
operator of order 2m associated with the nonconforming
space Qg, where a DG discretization appears naturally.

m One can then develop uniformly convergent multigrid algo-
rithms in the energy norm for general polyhedral domains.



Other Examples



Other Examples

m Saddle point problems for linear elasticity in the stress-
displacement formulation are examples of type-Il prob-
lems.

Stability analysis with respect to mesh-dependent norms
was carried out in Stenberg 1988 for mixed finite element
methods where the symmetry of the stress is weakly en-
forced.



Other Examples

m Saddle point problems for the biharmonic equation are also
examples of type-Il problems.

Stability analysis of mixed finite element methods with
respect to mesh-dependent norms was carried out in
Babuska-Osborn-Pitkaranta 1980.

The DG methods for the construction of optimal precondi-
tioners are precisely the C° interior penalty methods for
fourth order problems.



Other Examples

m Saddle point problems for the biharmonic equation are also
examples of type-Il problems.

Stability analysis of mixed finite element methods with
respect to mesh-dependent norms was carried out in
Babuska-Osborn-Pitkaranta 1980.

The DG methods for the construction of optimal precondi-
tioners are precisely the C° interior penalty methods for
fourth order problems.
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